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LIFTS OF TWISTED K3 SURFACES TO CHARACTERISTIC 0
DANIEL BRAGG
Abstract. Deligne [6] showed that every K3 surface over an algebraically closed field
of positive characteristic admits a lift to characteristic 0. We show the same is true for
a twisted K3 surface. To do this, we study the versal deformation spaces of twisted K3
surfaces, which are particularly interesting when the characteristic divides the order
of the Brauer class. We use this study to analyze the geometry of certain moduli
spaces of twisted K3 surfaces in mixed and positive characteristic. As an application
of our results, we show that every derived equivalence between twisted K3 surfaces in
positive characteristic is orientation preserving.
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A twisted K3 surface is a pair (X,αBr), where X is a K3 surface and αBr ∈ Br(X).
We will show that every twisted K3 surface in characteristic p lifts to characteristic 0.
Theorem (A). Let X be a K3 surface over an algebraically closed field k of positive
characteristic and let αBr ∈ Br(X) be a Brauer class. There exists a DVR R with residue
field k and fraction field of characteristic 0, a relative K3 surface X over R such that
X ⊗R k ∼= X, and a Brauer class α˜Br ∈ Br(X ) such that α˜Br|X = αBr.
Without the Brauer class, this result is due to Deligne [6], with further refinements by
Ogus [11]. We also prove various statements regarding the existence of liftings together
with collections of line bundles, which in the non–twisted case were treated by Lieblich–
Olsson [10] and Lieblich–Maulik [9]. For the statements of these results we refer to
Section 7.
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The usual procedure for producing such a lift consists of two steps: first, using formal
deformation theory one constructs lifts to every finite order, and second, one shows
that the resulting formal system algebraizes. This strategy is carried out by Deligne
[6] in his study of the lifting problem for K3 surfaces. In this case, a key input is
the result of Rudakov and Shafarevich [16] that H2(X, T 1X) = 0. This implies that the
formal deformation problem is essentially trivial : any K3 surface X deforms over any
infinitesimal thickening. More precisely, the universal deformation space DefX is smooth
over W , and moreover we have
DefX ∼= SpfW [[t1, . . . , t20]]
However, the resulting systems will generally not algebraize. Thus, Deligne considers
instead deformations of a pair (X,L), where L is an ample line bundle on X . The
algebraization of systems of such pairs is guaranteed by a theorem of Grothendieck.
However, such pairs are no longer unobstructed, and so the deformation theoretic step
requires a further analysis. Deligne begins by showing that the inclusion
Def(X,L) ⊂ DefX ∼= SpfW [[t1, . . . , t20]]
is a closed formal subscheme of dimension 19 over W defined by one equation. Using
de Rham and crystalline cohomology, he then shows that Def(X,L) is flat over W , and
hence the desired formal system exists. This last step was improved upon by Ogus [11],
who showed that in fact Def(X,L) is frequently smooth over W .
We consider a twisted K3 surface (X,αBr). As a consequence of the vanishing of
H3(X,OX), such objects are unobstructed. Thus, the universal deformation space Def(X,αBr)
is smooth over W , and moreover we have
Def(X,αBr)
∼= SpfW [[s1, . . . , s21]]
Hence, as before, there are many formal systems over SpfW . The difficulty again lies in
the algebraization step. To algebraize the underlying system of K3 surfaces, we might
carry along an ample line on X . However, even if the underlying system of K3 surfaces
algebraizes, a formal system of Brauer classes will typically not algebraize (this is the
essential reason why the Brauer group functor is not representable). We show in Section
1 that such a system will algebraize if it is equipped with a system of Azumaya algebras
representing the Brauer classes. As a consequence, we show that it suffices to consider
deformations of triples (X,α, L), where α is a lift of αBr along the map
H2(X, µn)→ Br(X)
for some n. If n is coprime to p, then classes in H2(X, µn) deform uniquely along any
thickening of X . Thus, in this case our main result follows quickly from [6], and is well
known to experts. However, if p divides n, such classes may be obstructed, as we explain
in Section 2, and it is therefore this case that is the main contribution of this paper.
Nevertheless, we have attempted as much as possible to adopt a viewpoint which treats
the two cases on the same footing. For simplicity, let us neglect the line bundle L for
the moment. We show in Section 3 that the inclusion
Def(X,α) ⊂ Def(X,αBr)
∼= SpfW [[s1, . . . , s21]]
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of deformation functors is a closed formal subscheme defined by one equation. We
analyze the induced map on tangent spaces in Section 4 by relating the obstruction
classes associated to elements of H2(X, µn) to the Hodge cohomology of X . In Section 5
we study the interaction between deformations of a line bundle L onX and deformations
of elements of α ∈ H2(X, µn). In Section 6 we define a certain moduli stack M
n
d over
SpecZ parametrizing tuples (X,α, L), where X is a K3 surface, α ∈ H2(X, µn), and L
is an ample line bundle on X of degree 2d. This gives an algebraic construction of the
moduli space of twisted K3 surfaces over C constructed by Brakkee [5]. We make a few
observations on the geometric structure of this stack; for instance, we show that the
morphism
M
n
d → SpecZ
is flat and a local complete intersection of relative dimension 19. Furthermore, we show
that it is smooth over SpecZ[ 1
2dn
], and discuss the singularities in the fibers over primes
dividing 2dn. The moduli stacks M nd seem particularly interesting when p divides n,
and we think are deserving of further study.
In Section 7, we find conditions implying that the formal deformation space associated
to a triple (X,α, L) is smooth or flat overW , and prove our main result on the existence
of lifts (Theorem 7.1). We also extend this result to lifts with collections of line bundles
(Theorem 7.3).
We hope that our main result will be of general utility in the study of twisted K3
surfaces in positive characteristic. We record in Section 7.2 one instance where this is
the case by resolving the last open cases of the conjecture that derived equivalences of
twisted K3 surfaces are orientation preserving.
Conventions:We work throughout over an algebraically closed field k of characteristic
p > 0 with ring of Witt vectors W = W (k). If X is a scheme, Hi(X, µn) will always
denote cohomology with respect to the flat (fppf) topology. We will frequently write α
for a class in H2(X, µn) and let αBr denote the image of α under the map
H2(X, µn)→ H
2(X,Gm)
Acknowledgements: We thank Martin Olsson for interesting discussions on the con-
tent of this paper. The author was supported by NSF grant DMS-1902875.
1. Algebraization
Let k be an algebraically closed field of positive characteristic p with ring of Witt
vectors W = W (k). We let ArtW denote the category of artinian local W -algebras with
residue field identified with k.
Definition 1.1. Let G be a sheaf of groups on the big fppf (resp. e´tale) site of W
and let α ∈ Hi(X,G) be a flat (resp. e´tale) cohomology class. We define a functor
Def(X,α) on ArtW by sending an artinian local R-algebra A to the set of isomorphism
classes of pairs (XA, αA), where XA is a flat A-scheme such that XA ⊗A k ∼= X and
αA ∈ H
i(XA, G) is a cohomology class such that αA|X = α.
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In our applications, we will take G to be Gm or µn. Let n be a positive integer
(possibly divisible by p). Consider the diagram
(1.1.1)
1 µn SLn PGLn 1
1 Gm GLn PGLn 1
An Azumaya algebra A on X of degree n (that is, of rank n2) gives rise to a class
in H1(X,PGLn). We let [A ]n ∈ H
2(X, µn) denote the image of this class under the
boundary map induced by the upper row of (1.1.1). If n divides some other integer m,
the inclusion µn ⊂ µm induces a map
(1.1.2) H2(X, µn)→ H
2(X, µm)
and we let [A ]m denote the image of [A ]n in H
2(X, µm). Note that if H
1(X, µm/n) =
0 (eg. if X is K3) then (1.1.2) is injective. We say that an Azumaya algebra A is
unobstructed if the map
(1.1.3) tr : H2(X,A )→ H2(X,OX)
is injective.
Lemma 1.2. Let X be a K3 surface and α ∈ H2(X, µn). There exists an unobstructed
Azumaya algebra A of degree k for some k dividing n such that [A ]n = α.
Proof. Let k be the order of αBr ∈ Br(X). By de Jong’s solution of the period index
problem for surfaces, there exists an Azumaya algebra of degree k such that [A ]n = α.
Such an A is necessarily simple, meaning that the map H0(X,OX)→ H
0(X,A ) induced
by the canonical inclusion OX → A is an isomorphism. But, as X is K3, this map is
Serre dual to the trace map (1.1.3), which is therefore an isomorphism as well. 
Suppose that A is an Azumaya algebra on X . We let Def(X,A ) denote the functor on
ArtW whose objects over A ∈ ArtW are isomorphism classes of pairs (XA,AA) where
XA is a flat deformation of X and AA is an Azumaya algebra on XA restricting to A .
Lemma 1.3. Let X be a K3 surface and α ∈ H2(X, µn). Let A be an unobstructed
Azumaya algebra on X whose degree k divides n such that [A ]n = α. The map
Def(X,A ) → Def(X,α)
is formally smooth.
Proof. Let A,A′ be objects of ArtW , and suppose that we have a surjection A
′ → A in
ArtW whose kernel I has square zero. Suppose that we have a deformation (XA,AA) of
(X,A ) over A and a deformation (XA′, αA′) of (X,α) over A
′ such that (XA, [AA]n) =
(XA′|A, αA′|A). The obstruction to lifting AA to an Azumaya algebra AA′ on XA′ with
[AA′]n = αA′ is an element of
ker(tr : H2(X, IA )→ H2(X, IOXA))
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Using the fact that A is unobstructed, one deduces that this group vanishes, which
gives the result. 
Let (R,m) be a complete noetherian local ring with residue field k.
Proposition 1.4. Let X be a K3 surface over R and write Xi = X ⊗ R/m
i+1. If
{αi ∈ H
2(Xi, µn)}i≥0 is a compatible system of cohomology classes, then there exists a
unique class α˜ ∈ H2(X , µn) such that α˜|Xi = αi for all i.
Proof. By Lemma 1.2, we may choose an unobstructed Azumaya algebra A onX whose
degree k divides n such that [A ]n = α0. By Lemma 1.3, there exists a compatible system
Ai of Azumaya algebras on the Xi such that [Ai]n = αi. By Grothendieck’s existence
theorem there exists an Azumaya algebra A˜ on X restricting to Ai on Xi. The class
α˜ = [A˜ ]n restricts to αi for each i. 
2. Tangent-obstruction theory for flat cohomology classes
Suppose that X is a smooth proper variety over k. We will describe a tangent–
obstruction theory for cohomology classes in H2(X, µn). We consider the following sit-
uation. Let R,R′ be W -algebras and suppose that we are given a surjection R′ → R
whose kernel I satisfies I2 = 0 and pI = 0. Suppose further that we have are given a
flat lift XR of X over R, and a flat lift XR′ of XR over R
′. We consider the standard
short exact sequence
(2.0.1) 0→ IOXR → Gm,XR′ → Gm,XR → 1
of e´tale sheaves on XR, where the left hand map is the truncated exponential f 7→ 1+f .
The sequence (2.0.1) yields the following result on deformations of Brauer classes, which
is well known.
Proposition 2.1. Fix a cohomology class αR,Br ∈ H
2(XR,Gm).
(1) There is a functorial obstruction class o(αR,Br) ∈ H
3(X, IOXR) whose vanishing is
equivalent to the existence of a lift of αR,Br to XR′.
(2) If o(αR,Br) = 0 and the map Pic(XR′) → Pic(XR) is surjective, then the set of
liftings of αR,Br to XR′ is a torsor under H
2(X, IOXR).
Proof. Taking cohomology of (2.0.1), we get an exact sequence
H2(X, IOXR)→ H
2(XR′ ,Gm)→ H
2(XR,Gm)→ H
3(X, IOXR)
We let o(αR,Br) be the image of αR,Br under the right hand map. It follows from the
exactness of the sequence that this class satisfies the conditions of (1). For (2), note
that if Pic(XR′)→ Pic(XR) is surjective, then the left arrow is injective. 
Let n be a positive integer. To study the flat cohomology groups of the sheaf µn on
thickenings of X , we use Kummer theory to resolve µn by a complex of smooth group
schemes. If A is a sheaf of abelian groups on an arbitrary scheme Y , we let A(n) denote
the complex
(2.1.1) A(n) = [A
n
−→ A]
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where the first term is placed in degree 0. With this notation, we interpret the Kummer
sequence as a quasi–isomorphism µn
∼
−→ Gm(n) of complexes of sheaves on the flat site
of Y . By a theorem of Grothendieck, if G• is any complex of smooth group schemes on
Y , the canonical maps
Hi(Yfl, G
•)
∼
−→ Hi(Ye´t, G
•)
are isomorphisms. In our case, we obtain isomorphisms
(2.1.2) Hi(Yfl, µn)
∼
−→ Hi(Ye´t,Gm(n))
For our purposes, the significance of this is to allow us to work only with the e´tale site,
which has the crucial advantage of being invariant under universal homeomorphisms.
In particular, we may identify the e´tale sites of X , XR, and XR′ , which we do without
further comment. Multiplication by n on (2.0.1) gives us a short exact sequence
(2.1.3) 0→ IOXR(n)→ Gm,XR(n)→ Gm,XR(n)→ 1
of complexes of e´tale sheaves on XR. Note that if n is coprime to p, then multiplication
by n on IOXR is an isomorphism, and hence the complex IOXR(n) is quasi–isomorphic
to 0. On the other hand, if p divides n then multiplication by p on IOXR is zero (recall
that we assume pI = 0). So, have a canonical isomorphism
(2.1.4) IOXR(n)
∼= IOXR ⊕ IOXR[−1]
The different forms of this complex in the two cases implies that the behavior of defor-
mations of classes in H2(X, µn) along thickenings of X depends strongly on whether p
divides n. In particular, as in the proof of Proposition 2.1, taking cohomology of (2.1.3)
shows that there is an obstruction to lifting a class in H2(XR, µn) to XR′ lying in
H3(X, IOXR(n)). If p does not divide n, this group vanishes, so such classes deform
uniquely along any thickening of X , while if p divides n, this group may be nonzero,
and so such classes may (a priori) be obstructed. However, the viewpoint taken in the
introduction to this paper suggests that we should instead consider obstructions to de-
forming a class in H2(X, µn) along a thickening of X to a class with a prescribed Brauer
class. It turns out that this refined deformation problem behaves more uniformly in n.
Proposition 2.2. Let n be a positive integer. Fix a cohomology class αR ∈ H
2(XR, µn)
and a class αR′,Br ∈ H
2(XR′ ,Gm) deforming αR,Br (where αR,Br is the image of αR in
H2(XR,Gm)).
(1) There is a functorial obstruction class o(αR) ∈ H
2(X, IOXR) whose vanishing is
equivalent to the existence of a lift of αR to XR′ whose associated Brauer class is
αR′,Br.
(2) Suppose that o(αR) = 0. If n is coprime to p then there is a unique such lift. If p
divides n and the maps H1(XR′ , µn) → H
1(XR, µn) and Pic(XR′) → Pic(XR) are
surjective, then the set of such liftings of αR to XR′ is a torsor under H
1(X, IOXR).
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Proof. Combining (2.0.1) and (2.1.3), we find a diagram
(2.2.1)
0 IOXR(n) Gm,XR′ (n) Gm,XR(n) 1
0 IOXR Gm,XR′ Gm,XR 1
with exact rows. We consider separately the cases when p divides n and when p is
coprime to n.
Case 1: p|n.
Suppose that p divides n. Taking cohomology of (2.2.1) and using (2.1.2) gives a diagram
H1(IOXR)⊕ H
2(IOXR) H
2(XR′ , µn) H
2(XR, µn) H
2(IOXR)⊕ H
3(IOXR)
H2(IOXR) H
2(XR′ ,Gm) H
2(XR,Gm) H
3(IOXR)
δ
δ′
with exact rows, where the leftmost and rightmost vertical arrows are the projections
onto the respective second factors. Let o(αR) ∈ H
2(IOXR) be the image of δ(αR) under
the projection onto the first factor. The arrow δ′ sends the class αR,Br to the obstruc-
tion o(αR,Br) defined in Proposition 2.1. By assumption, αR,Br deforms to XR′ , so this
obstruction vanishes. It follows that o(αR) vanishes if and only if αR admits a lift to
XR′ . Moreover, as the left vertical arrow is surjective, if there exists some lift of αR then
there also exists a lift whose image in H2(XR′ ,Gm) is the prescribed class αR′,Br. Thus,
o(αR) satisfies the conditions of (1). To prove (2), note that under the given conditions
the two leftmost horizontal arrows are injective.
Case 2: (p, n) = 1
If n is coprime to p, then the complex IOXR(n) is quasi–isomorphic to zero, so taking
cohomology of (2.2.1) and using the isomorphisms (2.1.2), we get a diagram
(2.2.2)
H2(XR′ , µn) H
2(XR, µn)
H2(IOXR) H
2(XR′ ,Gm) H
2(XR,Gm) H
3(IOXR)
∼
with exact rows. In particular, αR lifts uniquely to a class αR′ ∈ H
2(XR′ , µn). However, it
may not be the case that its Brauer class (αR′)Br is equal to αR′,Br (thus, the obstruction
is in the purely “gerby” or “representation theoretic” direction). Note that the difference
αR′,Br− (αR′)Br goes to zero in H
2(XR,Gm), and hence lifts to an element of H
2(IOXR).
We will show that there is in fact a canonical choice of lift. To do this, it will be
convenient to rephrase our problem using the language of gerbes. Let XR → XR and
XR′ → XR′ be µn-gerbes representing αR and αR′ . Let XR,Gm → XR and XR′,Gm →
XR′ be the corresponding Gm-gerbes, which represent respectively αR,Br and αR′,Br.
There is a canonical map ϕ : XR → XR,Gm of stacks on XR, and we have that αR′,Br =
(αR′)Br if and only if ϕ extends to a map XR′ → XR′,Gm of stacks onXR′ (note that such
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a map is automatically compatible with the inclusion µn ⊂ Gm). Thus, our problem is
becomes to determine an obstruction to the existence of a dashed arrow in the diagram
(2.2.3)
XR XR′
XR,Gm XR′,Gm
XR XR′
ϕ
pi pi′
By [17, Theorem 1.2], we can find such an arrow if and only if we can find a dashed
arrow filling in the diagram
(2.2.4)
XR ×XR XR,Gm XR′ ×XR′ XR′,Gm
XR,Gm ×XR XR,Gm XR′,Gm ×XR′ XR′,Gm
XR,Gm XR′,Gm
ι
ϕ˜
pi pi′
obtained by pulling back (2.2.3) via XR′,Gm → XR′ . Note that the Gm-gerbes π˜ and π˜
′
are canonically split by the respective diagonals. The map ϕ˜ therefore corresponds to
a line bundle L on XR ×XR XR,Gm , and there exists a dashed arrow filling in (2.2.4)
if and only if this line bundle extends across the square–zero thickening ι. Associated
to this thickening is a short exact sequence as in (2.0.1), and hence an exact sequence
H1(XR, IOXR)→ H
1(XR′×XR′XR′,Gm ,Gm)→ H
1(XR×XRXR,Gm ,Gm)→ H
2(XR, IOXR)
on cohomology. Here, we have used the fact that pushforward along ϕ˜ ◦ π˜ is exact on
the subcategory of 0-twisted sheaves to identify the left and rightmost terms with the
indicated cohomology groups onXR. Let o(αR) be the image of [L ] under the rightmost
arrow. By our previous discussion, this class satisfies the conditions of (1). Part (2) is
immediate.

Remark 2.3. A more conceptual approach to Proposition 2.2, as well as the computa-
tions in Section 4, is to use the cotangent complexes of the associated gerbes. With the
notation of the proof of Case 2 of Proposition 2.2, the deformation problem analyzed in
Proposition 2.2 is equivalent to that of extending the morphism XR → XR,Gm across
the thickening XR,Gm ⊂ XR′,Gm . By the standard theory, the obstruction to finding
such an extension is a class in Ext2(ΩXR/XR,Gm , IOXR). A general computation shows
that ΩXR/XR,Gm
∼= OXR. Hence, we get an obstruction in H
2(X , IOXR) = H
2(X, IOXR).
From this perspective, the difference between the two cases is as follows: when p
divides n, if the gerbe XR deforms to R
′, the morphism automatically extends, whereas
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if p does not divide n, there is a unique deformation of XR, but the morphism may not
deform.
3. Formal deformation spaces for cohomology classes on K3 surfaces
We assume for the rest of this document that X is a K3 surface over k.
Proposition 3.1. Let αBr ∈ Br(X) = H
2(X,Gm) be a Brauer class. The functor
Def(X,αBr) is pro-representable and formally smooth over W , and the forgetful map
(3.1.1) πBr : Def(X,αBr) → DefX
is smooth of relative dimension 1.
Proof. As H3(X,OX) = 0, Proposition 2.1 shows that πBr is formally smooth. Write
S = DefX . If αBr = 0Br, then πBr is just the relative formal Brauer group B̂rX/S of
the universal formal surface X→ S. Thus, in this case the pro-representability follows
from the well known criterion of Artin–Mazur [1, Corollary 4.1]. In the general case,
note that as πBr is formally smooth it admits a section, and so the result follows by
translation from the previous case. Finally, by Proposition 2.1 the tangent space to any
fiber of πBr is isomorphic to H
2(X,OX), which is one dimensional. So, πBr has relative
dimension 1. 
Proposition 3.2. For any positive integer n and any α ∈ H2(X, µn), the functor
Def(X,α) is pro-representable.
Proof. Using Proposition 2.2, one can verify Schlessinger’s criterion directly (as in the
proof of [6, Proposition 1.5]). Alternatively, we may use Lemma 1.3 to reduce to the
question of pro-representability of the local deformation space of an Azumaya algebra,
which is classical. 
Let n be a positive integer, fix α ∈ H2(X, µn), and let αBr denote the image of α in
Br(X). Consider the map
(3.2.1) ι : Def(X,α) → Def(X,αBr)
which sends a pair (XA, αA) to (XA, αA,Br).
Proposition 3.3. The map ι (3.2.1) is a closed formal subscheme defined by one equa-
tion.
Proof. To show that ι is a closed immersion, it suffices to verify that
Def(X,α)(k[ε])→ Def(X,αBr)(k[ε])
is injective, which follows from the descriptions of the tangent spaces given in Proposi-
tions 2.1 and 2.2.
We now show that ι is defined by one equation. With our preparations, the proof
is essentially the same as that of [6, Proposition 1.5]. We explain the details. Let us
introduce some notation. Let S = DefX , S˜ = Spf R = Def(X,αBr), and S˜
′ = Spf R′ =
Def(X,α). Let m ⊂ R be the maximal ideal. Let XS˜ → S˜ be the pullback of the universal
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surface X → S via πBr : S˜ → S, and let XS˜′ be its restriction to S˜
′. Let aBr ∈
H2(XS˜,Gm) be the universal Brauer class and let a ∈ H
2(XS˜′, µn) be the universal
cohomology class deforming α. Note that we have (aBr)S˜′ = aBr.
The immersion ι corresponds to a surjection R → R′, and we wish to show that its
kernel J ⊂ R is equal to (f) for some f ∈ R. Set R′′ = R/mJ , S˜ ′′ = Spf R′′. There is an
evident surjection R′′ → R/J = R′ of W -algebras. The kernel of this map is I = J/mJ ,
which satisfies I2 = 0 and pI = 0. Thus, we have a chain of closed immersions
S˜ ′ ⊂ S˜ ′′ ⊂ S˜
and the left immersion is a square zero thickening of S˜ ′ inside of S˜. Let XS˜′′ → S˜
′′ be
the restriction of XS˜ → S˜. By Proposition 2.2, there is an obstruction class
o(a) ∈ H2(X, IOX
S˜′
) = H2(X,OX)⊗k I
whose vanishing is equivalent to the existence of a deformation of a to a class in
H2(XS˜′′, µn) whose image in the Brauer group is (a)S˜′′. After choosing a k-basis of
H2(X,OX), the obstruction o(a) corresponds to an element of I = J/mJ . Let f de-
note a lift of this element to J . Set Σ = Spf R/(mJ + (f)). We have a chain of closed
immersions
S˜ ′ ⊂ Σ ⊂ S˜ ′′ ⊂ S˜
By the functoriality of the obstruction class, a deforms to XΣ. By universality of S˜
′,
we conclude that in fact S˜ ′ = Σ, or equivalently that mJ + (f) = J . It follows that f
generates J/mJ , so by Nakayama’s lemma f generates J . 
Remark 3.4. As a consequence of Proposition 3.1, the forgetful map πBr (3.1.1) may
be represented in suitable coordinates by the projection
SpfW [[t1, . . . , t20, s]]→ SpfW [[t1, . . . , t20]]
By Proposition 3.3, in these coordinates the diagram
(3.4.1)
Def(X,α) Def(X,αBr)
DefX
ι
pi piBr
may be represented as
(3.4.2)
SpfW [[t1, . . . , t20, s]]/(g) SpfW [[t1, . . . , t20, s]]
SpfW [[t1, . . . , t20]]
ι
pi piBr
for some function g ∈ W [[t1, . . . , t20, s]]. We note that if n is coprime to p, then π is an
isomorphism. It follows that g is equal to a unit times s. Hence, in this case we may
assume by a change of coordinates that g = s.
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On the other hand, if p divides n, then π will not even have equidimensional fibers.
Indeed, pulling back (3.4.1) via the inclusion of the closed point 0 ∈ DefX we get a map
(3.4.3) ι0 : (Def(X,α))|0 →֒ (Def(X,αBr))|0
By translation, (3.4.3) is isomorphic to the natural map
Ĥ2(X, µn)→ B̂rX/k
where the left hand side is the functor
A 7→ ker(H2(XA, µn)→ H
2(X, µn))
on Artk (the category of augmented Artinian local k-algebras), and the right hand side
is the formal Brauer group of X over k. As the Picard scheme of X is discrete, we in
fact have
Ĥ2(X, µn) = B̂rX [n]
The formal Brauer group is a smooth one-dimensional formal group over k, whose height
h is equal to the height of X . Suppose now that n = p. If h = 1, then B̂rX ∼= Ĝm,
and so Ĥ2(X, µp) ∼= µp. At the opposite extreme, if h = ∞, then B̂rX ∼= Ĝa, and so
Ĥ2(X, µp) ∼= Ga ∼= Spf k[[s]]. Nevertheless, we will show eventually that Def(X,α) is
frequently smooth over W .
In terms of the coordinates in (3.4.2), the map (3.4.3) is given by
ι : Spf k[[s]]/(g) →֒ Spf k[[s]]
where g is the image of g in the quotient. If pm is the largest power of p dividing n,
then if h <∞ we have that g = sp
mh
(for an appropriate choice of coordinate s), while
if h =∞ then g = 0.
4. Kodaira–Spencer classes
We continue to assume that X is a K3 surface over k. We will compute the tangent
spaces to the deformation functors considered in the previous section in terms of the
Hodge cohomology groups of X . Consider the map
(4.0.1) dlog : Gm → Ω
1
X
of e´tale sheaves on X given on sections by f 7→ df/f . Let n be a positive integer and
suppose that p divides n. Any pth power is killed by dlog, so (4.0.1) descends to a map
(4.0.2) dlog : Gm/G
×n
m → Ω
1
X
where Gm/G
×n
m is the quotient sheaf for the e´tale topology. Using the notation (2.1.1),
there is an obvious map
(4.0.3) Gm(n)→ Gm/G
×n
m [−1]
We remark that if n = p, then because X is reduced the map (4.0.3) is a quasi-
isomorphism.
Composing (4.0.3) with (4.0.2) and taking cohomology we get a map
(4.0.4) dlog : H2(X, µn)→ H
1(X,Ω1X)
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We recall that because X is K3 the canonical cup product pairing
(4.0.5) 〈 , 〉 : H1(X, T 1X)⊗H
1(X,Ω1X)→ H
2(X,OX)
is perfect, and hence induces an isomorphism
(4.0.6) H1(X, T 1X)
∼
−→ Hom(H1(X,Ω1X),H
2(X,OX))
There is a canonical isomorphism
DefX(k[ε])
∼
−→ H1(X, T 1X)
which sends the class of a deformation X ′ of X over k[ε] to its Kodaira–Spencer class
τX′ . Fix a class α ∈ H
2(X, µn) and a deformation α
′
Br of αBr over X
′. We defined in
Proposition 2.2 an obstruction class o(α) ∈ H2(X, εOX) ∼= H
2(X,OX) whose vanishing
is equivalent to the existence of a lift of α to a class in H2(X ′, µn) with Brauer class α
′
Br.
The following result computes the obstruction o(α) in terms of the Kodaira–Spencer
class of the deformation X ′. It should be compared with the corresponding result for
line bundles (eg. [11, Proposition 1.14]).
Proposition 4.1. Suppose that p divides n. The obstruction o(α) is equal to the cup
product (4.0.5) of τX′ and dlog(α).
Proof. Using (2.1.3) and recalling the isomorphism (2.1.4), we find a commuting dia-
gram
0 εOX(n) Gm,X′(n) Gm,X(n) 1
0 εOX [−1] Gm,X′/G
×n
m,X′[−1] Gm,X/G
×n
m,X [−1] 1
of e´tale sheaves with exact rows. Taking cohomology gives a diagram
H2(X ′, µn) H
2(X, µn) H
2(X, εOX)
H1(X ′,Gm/G
×n
m ) H
1(X,Gm/G
×n
m ) H
2(X, εOX)
ρ
δ′′
We see that the obstruction o(α) is equal to the image of ρ(α) under the boundary map
δ′′. A cocycle computation (which we omit) shows that the diagram
H1(X,Gm/G
×n
m ) H
2(X, εOX)
H1(X,Ω1X) H
2(X,OX)
dlog
δ′′
τX′∪
∼
commutes, which gives the result. 
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It is perhaps useful to unpack this result in terms of the tangent spaces to the functors
in diagram (3.4.1). Fix a class α ∈ H2(X, µn) and let αBr be its image in the Brauer
group. The forgetful map (3.1.1) is surjective on k[ε]-points, and gives rise to a canonical
short exact sequence
(4.1.1) 0→ H2(X,OX)→ Def(X,αBr)(k[ε])→ H
1(X, T 1X)→ 0
Evaluating the inclusion ι (3.2.1) on k[ε], we obtain via (4.1.1) a map
(4.1.2) Def(X,α)(k[ε])→ H
1(X, T 1X)
If n is coprime to p, then (4.1.2) is an isomorphism, and we have a diagram
(4.1.3)
Def(X,α)(k[ε]) H
1(X, T 1X)
0 H2(X,OX) Def(X,αBr)(k[ε]) H
1(X, T 1X) 0
∼
In particular, Def(X,α)(k[ε]) always has dimension 20. Suppose that p divides n. Given
v ∈ H1(X,Ω1X) write Ann(v) ⊂ H
1(X, T 1X) for the subspace of elements τ such that
〈τ, v〉 = 0. By Proposition 4.1 the image of (4.1.2) is the subspace Ann(dlog(α)) ⊂
H1(X, T 1X), and hence we have a diagram
(4.1.4)
0 H2(X,OX) Def(X,α)(k[ε]) Ann(dlogα) 0
0 H2(X,OX) Def(X,αBr)(k[ε]) H
1(X, T 1X) 0
In particular, we see that Def(X,α)(k[ε]) has dimension 20 if dlog(α) 6= 0 and has di-
mension 21 otherwise.
Using our results so far, we can deduce some consequences for universal deformation
spaces.
Proposition 4.2. Consider a class α ∈ H2(X, µn). If n is coprime to p, then Def(X,α)
is smooth over W . If p divides n and dlog(α) 6= 0, then Def(X,α) is smooth over W .
Proof. By Proposition 3.3, Def(X,α) ⊂ Def(X,αBr)
∼= SpfW [[t1, . . . , t21]] is a closed formal
subscheme defined by one equation. Under the given conditions, the tangent space to
Def(X,α)⊗k at the closed point has dimension 20. Hence, if J is the Jacobian ideal of
Def(X,α), then J/pJ is the unit ideal. By Nakayama’s lemma, J is the unit ideal, and
hence Def(X,α) is smooth over W . 
We now incorporate a polarization of X . We denote by
H1(X,Gm)
c1−→ H1(X,Ω1X)(4.2.1)
the map induced by dlog (4.0.1).
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Proposition 4.3. Consider a class α ∈ H2(X, µn) and a line bundle L on X. If n is
coprime to p and c1(L) is nonzero, then Def(X,α,L) is smooth over W . If p divides n
and c1(L) and dlog(α) are linearly independent in H
1(X,Ω1X), then Def(X,α,L) is smooth
over W .
Proof. By Proposition 3.3, the inclusion Def(X,α,L) ⊂ Def(X,αBr) is a closed formal sub-
scheme defined by two equations. Under the assumed conditions, the tangent space to
Def(X,α,L)⊗k at the closed point has dimension 19. As in Proposition 4.2, we conclude
that Def(X,α,L) is smooth over W . 
5. The dlog map and de Rham cohomology
Motivated by Proposition 4.3, we will study the interaction between the images of
the various dlog maps in de Rham cohomology. Recall that the de Rham cohomology
group H2dR(X/k) is equipped with the Hodge and conjugate filtrations
0 ⊂ F 2H ⊂ F
1
H ⊂ F
0
H = H
2
dR(X/k) 0 ⊂ F
2
C ⊂ F
1
C ⊂ F
0
C = H
2
dR(X/k)
Under the pairing on H2dR(X/k), we have (F
2
H)
⊥ = F 1H and (F
2
C)
⊥ = F 1C . Let ZΩ
1
X ⊂
Ω1X denote the subsheaf of closed forms. By [11, Proposition 1.2], the natural map
ZΩ1X [−1]→ Ω
•
X of complexes gives rise to an identification
(5.0.1) H1(X,ZΩ1X) = F
1
H ∩ F
1
C ⊂ H
2
dR(X/k)
We recall that the intersection F 2H ∩F
1
C is zero exactly when X is ordinary, and is one-
dimensional otherwise. At the opposite extreme, a K3 surface is said to be superspecial
if F 2H = F
2
C . A K3 surface is superspecial if and only if it is supersingular with Artin
invariant σ0 = 1, and in fact there is a unique such surface up to isomorphism.
Note that dlog factors through the subsheaf ZΩ1X ⊂ Ω
1
X of closed forms. To distin-
guish from our previous notation, we will denote the resulting maps by
H1(X,Gm)
cdR
1−−→ H1(X,ZΩ1X) H
1(X,Gm/G
×p
m )
dlogdR
−−−−→ H1(X,ZΩ1X)(5.0.2)
We will also use the same notation to denote the respective compositions of the maps (5.0.2)
with the inclusion H1(X,ZΩ1X) ⊂ H
2
dR(X/k). We record the following lemma.
Lemma 5.1. Suppose that X has finite height, or that X is supersingular with Artin
invariant σ0 ≥ 3 and p 6= 2.
1 Let L be a line bundle on X and λ ∈ k. If the image of
λ[L] ∈ H1(X,Gm)⊗ k under the map
cdR1 ⊗ k : H
1(X,Gm)⊗ k → H
2
dR(X/k)
is contained in F 2H + F
2
C , then λ[L] = 0.
Proof. Suppose that X has finite height. In this case, it is well known that the image
of cdR1 ⊗ k has trivial intersection with F
2
H + F
2
C (one way to see this is to use the
Hodge–Newton decomposition of the second crystalline cohomology of X and note that
the crystalline Chern class map factors through the slope one part).
1We assume p 6= 2 in the supersingular case in order to use the results of [11]. This may well not be
necessary for our purposes.
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Suppose that X is supersingular with Artin invariant σ0. We recall a few facts from
[11]. Write Λ = H1(X,Gm). By the Tate conjecture for supersingular K3 surfaces, Λ
is a Z-lattice of rank 22.2 Write ϕ : Λ ⊗ k → Λ ⊗ k for the bijective map given by
v ⊗ λ 7→ v ⊗ λp. The map cdR1 ⊗ k factors through F
1
H ∩ F
1
C , and thus for dimension
reasons cannot be injective. Its kernel is equal to ϕ(K) for some subspace K ⊂ Λ⊗ k.
The subspace K is the characteristic subspace associated to X , and plays a central role
in the theory of supersingular K3 surfaces. We record the following properties of K.
(1) dimkK = σ0
(2) dimk K + ϕ(K) = σ0 + 1
(3) dimk
∑
i≥0 ϕ
i(K) = 2σ0
The subspace F 2H ⊂ H
2
dR(X/k) is contained in the image of c
dR
1 ⊗k, and its preimage in
Λ⊗ k is equal to K+ϕ(K) (see [11, Proof of Theorem 3.20], and in particular diagram
3.20.1). Similarly, one can show that F 2C is also in the image of c
dR
1 ⊗k, and its preimage
in Λ⊗ k is ϕ(K) + ϕ2(K). Thus, we have a diagram
K + ϕ(K)
ϕ(K)
Λ⊗ k
ϕ(K)
ϕ(K) + ϕ2(K)
ϕ(K)
F 2H H
2
dR(X/k) F
2
C
⊂
∼
⊂
⊂
∼
⊂
⊂
It follows that if λcdR1 (L) is in F
2
H +F
2
C, then we have λ[L] ∈ K +ϕ(K)+ϕ
2(K). Using
our assumption on σ0, we will see that this implies λ[L] = 0. We use the result of Ogus
[11] that there exists a characteristic vector for K. This is an element e ∈ K such that{
e, ϕ(e), . . . , ϕσ0−1(e)
}
is a basis for K and {
e, ϕ(e), . . . , ϕ2σ0−1(e)
}
is a basis for the subspace
∑
i≥0 ϕ
i(K) ⊂ Λ⊗k. We write λ[L] as a linear combination of
e, . . . , ϕσ0+1(e). Applying ϕ to both sides, we find a linear relation between the vectors
e, . . . , ϕσ0+2(e). As σ0 ≥ 3, this relation must be trivial, which implies λ[L] = 0. 
By [8, Corollaire II.2.1.18], there is a short exact sequence
(5.1.1) 1→ Gm/G
×p
m
dlog
−−→ ZΩ1X
1−C
−−→ Ω1X → 0
where 1 denotes the inclusion and C : ZΩ1X → Ω
1
X is the Cartier operator. We note
that (in this context) C satisfies C(f pω) = fC(ω) for any f ∈ OX . Taking cohomology,
we find an exact sequence
(5.1.2) 0→ H1(X,Gm/G
×p
m )
dlogdR
−−−−→ H1(X,ZΩ1X)
1−C
−−→ H1(X,Ω1X)→ 0
2If we wish to avoid the use of the Tate conjecture, we may instead take Λ = H2(X,Zp(1)) and
replace cdR1 ⊗ k with the natural map H
2(X,Zp(1))⊗ k → H
2
dR
(X/k). The remainder of the proof then
works as stated.
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where the injectivity on the left follows from the vanishing of H0(X,Ω1X). Under the
identification (5.0.1), the sequence (5.1.2) becomes
0→ H1(X,Gm/G
×p
m )
dlogdR
−−−−→ F 1H ∩ F
1
C
1−C
−−→ F 1H/F
2
H → 0
where the right hand map is given by the difference of the map
1 : F 1H ∩ F
1
C ⊂ F
1
H ։ F
1
H/F
2
H ,
and the Cartier operator C, which factors as the composition
F 1H ∩ F
1
C ⊂ F
1
C ։ F
1
C/F
2
C
∼
−→ F 1H/F
2
H
Thus, the kernel of the map 1 is F 2H ∩ F
1
C , and the kernel of C is F
1
H ∩ F
2
C .
Proposition 5.2. If X is not superspecial, then the map dlog : H1(X,Gm/G
×p
m ) →
H1(X,Ω1X) is injective.
Proof. If σ ∈ F 2H is nonzero and is killed by 1 − C, then also σ ∈ F
2
C , and therefore
F 2H = F
2
C . It follows that X is superspecial. 
Remark 5.3. Artin [2] defined a certain short exact sequence of groups
0→ U2(X, µp)→ H
2(X, µp)→ D
2(X, µp)→ 0
By definition, D2(X, µp) is a finite group. If X has finite height, U
2(X, µp) is trivial.
If X is supersingular, then U2(X, µp) is abstractly isomorphic to Ga(k) (the additive
group of the ground field k). If X is moreover superspecial, then dlogdR induces an
isomorphism U2(X, µp)
∼
−→ F 2H . In particular, in this case U
2(X, µp) is endowed with a
canonical vector group structure.
Proposition 5.4. Suppose that X has finite height, or that X is supersingular with
Artin invariant σ0 ≥ 3 and p 6= 2. Let n be an integer which is divisible by p. If
α ∈ H2(X, µn) is a class whose image under the map
H2(X, µn)→ Br(X)
·n
p
−→ Br(X)
is nonzero and L is a line bundle on X that is not a pth power, then dlog(α) and c1(L)
are linearly independent in H1(X,Ω1X).
Proof. Suppose that dlog(α) = λc1(L) ∈ H
1(X,Ω1X) for some scalar λ. We have
dlogdR(α) = λcdR1 (L) + σ
as elements of H1(X,ZΩ1X) = F
1
H ∩ F
1
C ⊂ H
2
dR(X/k), for some σ ∈ F
2
H ∩ F
1
C . Using
properties of the Cartier operator, we have commuting squares
H1(X,Gm)⊗ k H
1(X,Gm)⊗ k
H1(X,ZΩ1X) H
1(X,Ω1X)
id
cdR
1
⊗k c1⊗k
1
H1(X,Gm)⊗ k H
1(X,Gm)⊗ k
H1(X,ZΩ1X) H
1(X,Ω1X)
ϕ−1
cdR
1
⊗k c1⊗k
C
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Incorporating (5.1.2), we also have a commuting diagram
0 H1(X,Gm)⊗ Fp H
1(X,Gm)⊗ k H
1(X,Gm)⊗ k 0
0 H1(X,Gm/G
×p
m ) H
1(X,ZΩ1X) H
1(X,Ω1X) 0
id⊗(1−ϕ−1)
cdR
1
⊗k c1⊗k
dlogdR 1−C
with exact rows. By the commutativity of the right hand square, we see that
(λ− λ1/p)c1(L) = −C(σ)
It follows that (λp − λ)cdR1 (L) is contained in F
2
H + F
2
C . As L is not a pth power,
cdR1 (L) is nonzero, so by Lemma 5.1 we conclude that λ
p − λ = 0. Therefore in fact
λ ∈ Fp. As H
1(X,Ω1X) is a k-vector space, c1 kills any pth power, and so factors through
H1(X,Gm)⊗ Fp. We obtain a commutative diagram
H1(X,Gm) H
1(X,Gm) H
1(X,Gm)⊗Z Fp
H2(X, µn) H
2(X, µp) H
1(X,Gm/G
×p
m ) H
1(X,Ω1X)
Br(X) Br(X)
δ
c1⊗Fp
·n
p ∼
dlog
·n
p
where the isomorphism is that induced by (4.0.3), the left columns are fragments of the
long exact sequences induced by the Kummer sequences for n and p, the injectivity of
the rightmost vertical arrow follows from the exact sequence
1→ Gm
·p
−→ Gm → Gm/G
×p
m → 1
and the horizontal composition H2(X, µn) → H
1(X,Ω1X) is (4.0.4). As X is not su-
perspecial, by Proposition 5.2 the map dlog is injective. Let m ∈ Z be a lift of λ. It
follows that n
p
α = δ([L⊗m]), and therefore the image of n
p
α in the Brauer group vanishes,
contrary to our assumption. 
6. Arithmetic moduli of twisted K3 surfaces
Combining Proposition 4.3 with Proposition 5.4 and Proposition 1.4, we already can
deduce the existence of lifts in most cases. To treat the remaining cases, we introduce
some global moduli spaces of twisted, polarized K3 surfaces over SpecZ and describe
some of their basic geometric properties.
Definition 6.1. Fix positive integers n and d. Define M nd to be the stackification of
the category fibered in groupoids over the category of schemes whose objects over a
scheme T are tuples (X,α, L), where X is a K3 surface over T , α ∈ H2(XT , µn), and
L ∈ Pic(X) is a class whose restriction to every geometric fiber of X → T is an ample
class of degree 2d.
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Let Md denote the usual moduli stack of polarized K3 surfaces of degree 2d. There
is a morphism
π : M nd → Md
given by forgetting the class α. Note that if n = 1 then π is an isomorphism.
Proposition 6.2. The moduli stack M nd is Deligne–Mumford.
Proof. It is well known that Md is Deligne–Mumford (see eg. [15, 4.3.3]). Let f : X →
Md be the universal polarized K3 surface. Let H denote the sheafification of the functor
on the category of schemes over Md given by T → H
2(XT , µn). By [4, Theorem 2.1.6],
the map H → Md is representable by algebraic spaces, so H is Deligne–Mumford (the
proof given in loc. cit. assumes that n is prime, but this is not needed). The inclusion
M nd ⊂ H is open, so M
n
d is Deligne–Mumford as well. 
Remark 6.3. Let M nd →M
n
d be the coarse space map. The fiber M
n
d ⊗C over SpecC
is closely related to the the moduli spaces defined in [5, Definition 2.1]. More precisely,
let Mnd [n] denote the coarse space associated to the functor defined in loc. cit. There is
a natural inclusion Mnd [n] ⊂M
n
d,C, which one can check is open.
The following gives some basic geometric properties of M nd → SpecZ, and is the
main result of this section.
Proposition 6.4. The morphism M nd → SpecZ is flat and is a local complete inter-
section of relative dimension 19.
Proof. Let k be an algebraically closed field of characteristic p, and consider a k-point
x ∈ M nd (k) corresponding to a K3 surface X with an ample class L of degree 2d and a
class α ∈ H2(X, µn). The universal deformation space Def(X,α,L) ⊂ Def(X,αBr) is defined
via the Cartesian square
(6.4.1)
Def(X,α,L) Def(X,α)
Def(X,L) DefX
To show the result, it will suffice to check that Def(X,α,L) is flat and lci of relative
dimension 19 over SpfW . By Proposition 3.3 and [6, 1.6], the inclusion Def(X,α,L) ⊂
Def(X,αBr) is a closed immersion cut out by two equations. As in Remark 3.4 we may
choose coordinates so that the forgetful map πBr (3.1.1) is represented by the projection
SpfW [[t1, . . . , t20, s]]→ SpfW [[t1, . . . , t20]]
The diagram (6.4.1) is then represented by
(6.4.2)
SpfW [[t1, . . . , t20, s]]/(f, g) SpfW [[t1, . . . , t20, s]]/(g)
SpfW [[t1, . . . , t20]]/(f) SpfW [[t1, . . . , t20]]
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for some functions f ∈ W [[t1, . . . , t20]] and g ∈ W [[t1, . . . , t20, s]]. Let f0, g0 denote the
images of f and g modulo p. It will suffice to show that f0, g0 ∈ R0 = k[[t1, . . . , t20, s]]
is a regular sequence.
We observe that if n is coprime to p then by a change of coordinates we may assume
g = s. On the other hand, if p divides n, then it follows from [13, Proposition 14]
that the closed formal subscheme of Def(X,α,L)⊗k parametrizing deformations whose
underlying K3 has infinite height has dimension at most 10. Therefore the generic
point of any irreducible component of M nd ⊗Fp has finite height. So, in this case it will
suffice to show the result when X has finite height h. As in Remark 3.4 we may choose
coordinates so that g is congruent to sk modulo (p, t1, . . . , t20) for some positive integer
k. We conclude that, in either case, it suffices to prove that f0, g0 is a regular sequence
under the additional assumption that g0 = g
′
0+ s
k for some positive integer k and some
g′0 ∈ (t1, . . . , t20) ⊂ R0.
To prove this, we first recall that by [6, 1.6] f0 is not a zero divisor in R0. It remains
to show that the image of g0 in R0/(f0) is not a zero divisor. Suppose that g0h0 ∈ (f0)
for some h0 ∈ R0. Then f0 divides g0h0 = (g
′
0 + s
k)h0. Note that f0 is contained in the
subring k[[t1, . . . , t20]], and also in the ideal (t1, . . . , t20) of R0. The same is true for any
irreducible factor of f0. But no such element can divide g
′
0+s
k. Hence, every irreducible
factor of f0 divides h0, so f0 divides h0. This completes the proof. 
The preceding proposition implies our main results regarding liftings, which we post-
pone to Section 7. In the remainder of this section we record some further observations
on the geometry of the characteristic pmoduli space M nd ⊗Fp. We consider the following
substacks.
Definition 6.5. Fix a prime p. Let M n,pd ⊂ M
n
d denote the substack consisting of
those tuples (X,α, L) such that for every geometric point t ∈ T , p does not divide n
ordαt
and Lt is not a pth power.
Let M n,∞d ⊂ M
n
d denote the substack consisting of tuples (X,α, L) such that for
every geometric point t ∈ T the class αt has order n and Lt is primitive.
We observe that the natural inclusions
M
n,∞
d ⊂ M
n,p
d ⊂ M
n
d
are open. Hence, by Proposition 6.2 both M n,pd and M
n,∞
d are Deligne–Mumford as
well.
Proposition 6.6. For any prime p, every connected component of M n,pd ⊗Fp is a local
complete intersection of dimension 19 and is geometrically reduced and irreducible.
Proof. By Proposition 6.4, M nd ⊗ Fp is a local complete intersection of dimension 19.
The same follows for M p,dn ⊗Fp. Let k be an algebraically closed field of characteristic p,
and consider a k-point x ∈ M n,pd (k) corresponding to a tuple (X,α, L). By Proposition
4.3 and Proposition 5.4, if X has finite height (or is supersingular with Artin invariant
σ0 ≥ 3 and p 6= 2), then M
n,p
d ⊗Fp is regular at x. As in the proof of Proposition 6.4, the
generic point of any irreducible component of M n,pd ⊗ Fp has finite height. In fact, the
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same is true for any component of the intersection of any two irreducible components.
This shows that every connected component of M n,pd ⊗Fp is irreducible and generically
reduced. But M n,pd ⊗ Fp is lci, so it is reduced. 
We obtain immediately the following result for M n,∞d .
Proposition 6.7. The map M n,∞d → SpecZ is flat and a local complete intersection of
relative dimension 19. Every connected component of every geometric fiber of M n,∞d →
SpecZ is reduced and irreducible, generically smooth, and has dimension 19.
To conclude this section, we make some comments on the singularities of M n,pd ⊗Fp.
It is convenient to make the following definition. Suppose that (X,αBr) is a twisted K3
surface over an algebraically closed field k of characteristic p > 0. If X is supersingular
of Artin invariant σ0, we define the Artin invariant of (X,αBr) by
σ0(X,αBr) =
{
σ0(X) + 1, if αBr 6= 0
dσ0(X), if αBr = 0
For a more motivated approach to this definition we refer to [4, Section 3.4]. One
consequence of this convention is that if p divides n then for any 1 ≤ σ ≤ 11 the locus
in M nd ⊗Fp parametrizing tuples (X,α, L) such that (X,αBr) is supersingular of Artin
invariant ≤ σ has dimension σ − 1, as in the untwisted case.
Lemma 6.8. Let p be an odd prime. If p does not divide 2dn, then M n,pd ⊗ Fp is
regular. If p divides 2d but not n, then M n,pd ⊗Fp is non-singular away from the locus of
supersingular points with Artin invariant σ0 = 1. If p divides n but not 2d, then M
n,p
d ⊗
Fp is non-singular away from the locus of supersingular points with Artin invariant
σ0 ≤ 2. If p divides both 2d and n, then M
n,p
d ⊗Fp is non-singular away from the locus
of supersingular points with Artin invariant σ0 ≤ 3.
Proof. Let k be an algebraically closed field of characteristic p, and consider a k-point
x ∈ M n,pd (k) corresponding to a K3 surface X with an ample class L of degree 2d and
a primitive class α ∈ H2(X, µn).
Suppose first that p does not divide n. In this case the map M n,pd ⊗ Fp → Md ⊗ Fp
is e´tale, so we are reduced to considering the singularities of the non-twisted moduli
space. The subspace F 2H ⊂ H
2
dR(X/k) is isotropic, so if p does not divide 2d Md is non-
singular at π(x), and hence M nd is non-singular at x. If p divides 2d, then it follows from
Proposition 5.2 that Md is non-singular at x except possibly when X is superspecial.
Suppose that p divides n. By Proposition 5.4, the classes dlog(α) and c1(L) are
linearly independent except possibly when X is supersingular of Artin invariant σ0 ≤
2. So, M n,pd ⊗ Fp is non-singular away from the locus of supersingular points whose
underlying surface has Artin invariant σ0 ≤ 2. Note that if X is supersingular (or
merely non-ordinary), then the subspace F 2H + F
2
C ⊂ H
2
dR(X/k) is isotropic. Hence,
if p does not divide 2d, then F 2H + F
2
C cannot contain c
dR
1 (L). Following the proof of
Proposition 5.4, we see that in this case dlog(α) and c1(L) are linearly independent
except possibly when X is superspecial. 
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7. Results and applications
In this section we prove our main results and give some applications.
7.1. Lifting to characteristic 0. We consider a K3 surface X and a Brauer class
αBr ∈ Br(X). As discussed in the introduction, to produce an algebraizable lift of
(X,αBr) we will show that there exists a formal lift which also carries along a class
α ∈ H2(X, µn) whose image in the Brauer group is αBr, as well as an ample line bundle
L on X . The following result shows that for any choice of α and L there exists a lift of
(X,α, L) to characteristic 0 (despite the fact that, in general, the universal deformation
space Def(X,α,L) will be singular).
Theorem 7.1. Let k be an algebraically closed field of positive characteristic p. Let X
be a K3 surface over k and αBr ∈ Br(X) a Brauer class. Let α ∈ H
2(X, µn) be a class
whose image in the Brauer group is αBr and let L be an ample line bundle on X. There
exists
• a DVR R with residue field k and field of fractions of characteristic 0,
• a K3 surface X over R and an isomorphism X ⊗ k ∼= X,
• a class L ∈ Pic(X ) such that L |X = L, and
• a class α˜ ∈ H2(X , µn) such that α˜|X = α (and hence α˜Br satisfies α˜Br|X = αBr).
Proof. The existence of such data follows immediately from Proposition 6.4 and Propo-
sition 1.4. 
Theorem 7.2. With the assumptions of Theorem 7.1, suppose in addition that n
ordα
is
not divisible by p and that L is not a pth power. If X has finite height or is supersingular
of Artin invariant σ0 ≥ 3 and p 6= 2, then in the conclusion of Theorem 7.1 we may
take R = W .
Proof. With the given assumptions, Proposition 4.3 and Proposition 5.4 imply that the
universal deformation space Def(X,α,L) is smooth over W . 
Using similar methods, we can treat the problem of lifting twisted K3 surfaces to-
gether with a collection of line bundles. In the non-twisted case, this problem has been
considered by Lieblich–Olsson [10] and Lieblich–Maulik [9]. With our preparations, we
are able to closely follow their methods to obtain similar results.
Theorem 7.3. Let X be a K3 surface over k and αBr ∈ Br(X) a Brauer class. Let
α ∈ H2(X, µn) be a class whose image in the Brauer group is αBr such that p does not
divide n
ord(α)
. Let V ⊂ Pic(X) be a saturated sublattice of rank s containing an ample
class. Suppose that at least one of the following holds.
(A) X has finite height.
(B) s ≤ 9.
(C) the order of αBr is coprime to p and s ≤ 10.
There exists
(1) a DVR R with fraction field K of characteristic 0 and residue field k,
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(2) a K3 surface X over R and an isomorphism X ⊗ k ∼= X,
(3) a class α˜ ∈ H2(X , µn) such that α˜|X = α, and
(4) a sublattice V ⊂ Pic(X ) which over k specializes to the inclusion V ⊂ Pic(X) and
which for every algebraically closed field L containing K induces an isomorphism
V |XL = Pic(XL).
Proof. With our preparations, the proof is essentially the same as that of [10, Propo-
sition A.1]. Consider the moduli stack M over W given by the stackification of the
stack whose objects over a W -scheme T are tuples (Y, β, L1, . . . , Ls) where Y is a K3
surface over T , β ∈ H2(Y, µn) is a class such that for every geometric point t ∈ T we
have that p does not divide n
ordβt
, and L1, . . . , Ls ∈ Pic(Y ) are classes such that L1
is relatively ample. As in [10, Lemma A.3], M is a Deligne–Mumford stack locally of
finite type over W . After choosing a basis for V whose first element is ample, the given
data corresponds to a k-point x ∈ M (k).
Suppose first that X has finite height. The morphism M → SpecW is then smooth
at x. We may therefore extend x to a W -point x˜ ∈ M (W ), which gives us a lift
(X , α˜,V ) satisfying conclusions (1), (2), and (3). Moreover, the lift corresponding to a
very general choice of x˜ will satisfy (4) as well.
Suppose next that X is supersingular. As in [10, Lemma A.4, Lemma A.6], it will
suffice to show that under conditions (B) or (C) there exists an extension k′ ⊃ k and a
k′-point x′ ∈ M (k′) which specializes to x and corresponds to a tuple (X ′, α′, L′1, . . . , L
′
s)
where X ′ has finite height. To produce x′, we choose coordinates t1, . . . , t20, s as in
Remark 3.4, so that the diagram
Def(X,α,L1,...,Ls)⊗k Def(X,αBr)⊗k
Def(X,L1,...,Ls)⊗k DefX ⊗k
⊂
⊂
is represented by
Spf k[[t1, . . . , t20, s]]/(g, f1, . . . , f s) Spf k[[t1, . . . , t20, s]]
Spf k[[t1, . . . , t20]]/(f 1, . . . , f s) Spf k[[t1, . . . , t20]]
⊂
⊂
for some functions f 1, . . . , f s ∈ k[[t1, . . . , t20]] and g ∈ k[[t1, . . . , t20, s]], where the
right vertical arrow is the projection onto t1, . . . , t20. Write D = Def(X,L1,...,Ls)⊗k and
D˜ = Def(X,α,L1,...,Ls)⊗k. By [13, Proposition 14] the closed formal subscheme of D
parametrizing polarized deformations of X with infinite height has dimension at most
9. Hence, the closed formal subscheme of D˜ parametrizing polarized deformations whose
underlying K3 has infinite height has dimension at most 10. But, D˜ has dimension at
least 20 − s. Hence, if (B) holds, then s ≤ 9 and so there exists a formal deformation
not contained in the supersingular locus. Algebraizing, we find the desired k′-point x′.
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If (C) holds, then as observed in Remark 3.4 we may assume that g = s. Hence, in
this case the closed formal subscheme of D˜ parametrizing polarized deformations whose
underlying K3 has infinite height also has dimension at most 9. The assumption that
s ≤ 10 thus implies the existence of a deformation not contained in the supersingular
locus, and we argue as before. 
Remark 7.4. In the statement of Theorem 7.3 we make assumptions on the order of
α and the primitivity of V in order to appeal to the generic smoothness of the moduli
stack. As suggested by Theorem 7.1, we think it likely that these assumptions are in
fact unnecessary.
Remark 7.5. Let us sketch an alternative proof of Theorem 7.3 in the case when X
is supersingular with σ0 ≤ 2 and p 6= 2. We will argue using results of [4] to first
deform within the supersingular locus. This method has the advantage of giving us
more precise control over our lift, although we will not exploit this extra information
here. For simplicity, we give the argument only in the case when V consists of a single
ample line bundle L (to carry out this strategy in general, the key step is to generalize
Lemma 5.1 to the case of a sublattice V ⊂ Pic(X) of rank s). Write N = Pic(X). We
will show that there exists a supersingular K3 lattice Λ of Artin invariant 3 and an
isometric embedding Λ ⊂ N such that L is contained in the image of Λ and dlog(α) is
orthogonal to the image of the map
Λ⊗ k → N ⊗ k
cdR
1
⊗k
−−−→ H2dR(X/k)
We note that dlog(α) is equal to β+v for some β ∈ (cdR1 ⊗k)(N⊗k)
⊥ ⊂ H2dR(X/k) and
some v ∈ N . The quotient N1 = N/pN
∨ is an Fp-vector space of dimension 22 − 2σ0,
and the form on N induces a perfect Fp-valued bilinear form on N1. Given a totally
isotropic subspace T ⊂ N1, the lattice
NT =
{
x ∈ N |x ∈ T⊥
}
is a supersingular K3 lattice with Artin invariant σ0(N
T ) = σ0(N) + dimFp(T ) (as
observed by Ogus in [12]). By standard facts about bilinear forms on Fp-vector spaces,
we may choose T so that σ0(N
T ) = 3 and v and L are both in T⊥. The resulting
inclusion Λ = NT ⊂ N has the desired properties.
Let SΛ denote Ogus’s moduli space of Λ-marked supersingular K3 surfaces, and let
S ◦Λ be the moduli space of “transcendental” twisted supersingular K3 surfaces (see
[4, Definition 3.5.1]). By construction, the tuple (X,α,Λ ⊂ Pic(X)) corresponds to a
k-point of S ◦Λ . By [4, Theorem 5.2] the forgetful map S
◦
Λ → SΛ is smooth. Hence,
we can find a DVR R of characteristic p and a family XR of Λ-marked K3 surfaces
over R equipped with a class in H2(XR, µn) whose special fiber is (X,α,Λ ⊂ Pic(X))
and whose geometric generic fiber has underlying K3 surface of Artin invariant 3. In
particular, by our choice of Λ this gives rise to a polarized family extending (X,α, L).
We apply Theorem 7.1 to the geometric generic fiber of XR to produce a lift over a
DVR of mixed characteristic. By a standard argument, we may find the desired lift by
concatenation.
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7.2. Orientation and derived equivalences. Suppose that (X,αBr) and (Y, βBr)
are twisted K3 surfaces over an algebraically closed field k. Given a Fourier–Mukai
equivalence ΦP : D(X,αBr)
∼
−→ D(Y, βBr) one can ask if the induced cohomological
transform is orientation preserving (sometimes also called “signed”).3 It is conjectured
that this should always be the case. If k = C (or more generally if the characteristic of
k is zero) then this was shown in the untwisted case by Huybrechts–Macr`ı–Stellari [7].
An alternative proof, which extends to the twisted case, was given by Reinecke [14]. If k
has positive characteristic, various special cases were treated in [3, Appendix B]. Using
a combination of standard techniques and Theorem 7.1, we can complete the proof of
this conjecture in arbitrary characteristic.
Theorem 7.6. Let (X,αBr) and (Y, βBr) be twisted K3 surfaces over an algebraically
closed field k. If ΦP : D(X,αBr)
∼
−→ D(Y, βBr) is a Fourier–Mukai equivalence, then the
induced cohomological transform Φv(P ) is orientation preserving.
Proof. As discussed above, if the characteristic of k is 0 this is shown in [7, 14]. Suppose
that the characteristic of k is positive. Using now standard techniques introduced in
[10], to prove the result it suffices to show that every twisted K3 surface admits a lift
to characteristic 0, which reduces the problem to the case considered in [7, 14] (this
strategy is outlined for instance in [3, Appendix B]). Thus, the result follows from
Theorem 7.1. 
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